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1. Introduction. A semigroup S is called right stationary if for each fe m(S),
the weak* closed convex hull of right translates of f in m(S)=1/,(S)* contains a
constant function. In [18], T. Mitchell proved that a semigroup S is right stationary
iff m(S) has a left invariant mean. In this case, the set of values u(f) where u runs
over all left invariant means on m(S) coincides with the set of constants in the
weak* closed convex hull of right translates of f. The main purpose of this paper
is to prove a topological analogue (which is also a generalisation) of this theorem
for locally compact groups. It turns out that our analogue of Mitchell’s theorem
is a consequence of a more general “Localisation Theorem” on invariant means
which we are going to present in §5. An application of this *“ Localisation Theorem”
and its consequences is given in §6 while the rest of the paper is devoted to proving
a theorem on topological left almost convergence as well as some further generalisa-
tions of discrete theory.

2. Notations. For general terms in harmonic analysis, we shall follow Hewitt
and Ross [14] (unless otherwise stated explicitly). Let G be a locally compact group
with a fixed left Haar measure A and modular function A. Symbols like |- - - dx
or [ --- dy will always denote integration with respect to . Let BM(G) be the
algebra (pointwise operations) of all real valued bounded A-measurable functions

on G with supremum norm || ||, and N the closed ideal of all locally null functions
in BM(G) ([14, Definition 11.26]). Let L.(G)=BM(G)/N be the quotient Banach
algebra with quotient norm || |, (i.e. essential supremum norm).

A linear functional m in L,(G)* is called a mean if ess inf f<m(f)<ess sup f
for any fe L.(G) (see [12, §2.1]). A mean m on L,(G) is topological left (right)
invariant if for every fe L,(G), ¢ € P(G)={p € L\(G) : 20, |l¢|,=1}, we have
m(p *f)=m(f) (m(f*¢~)=m(f)). Here f~ is the function defined by f~(x)
=f(x"1), x€ G(®). m is topological invariant if it is both topological left and
topological right invariant. If X is a linear subspace of L.,(G) containing the
constants, X is said to be topological left (right) invariant if

PG *xX<c X (X*xP(G)~ < X).

Received by the editors January 15, 1969 and, in revised form, April 9, 1969.

(*) This research was supported in part by a postgraduate fellowship of the National
Research Council of Canada. It contains parts of the results from the author’s doctoral thesis
at the University of British Columbia written under the direction of Professor E. E. Granirer.

(%) Note that in Hewitt and Ross [14], the notation f* is used instead of f~. The latter is
taken from Greenleaf [12] and Hulanicki [15].

351



352 J. C. S. WONG [October

Topological left invariant means (TLIM) and topological right invariant means
(TRIM) on such linear subspaces X of L,(G) can be defined similarly.

For fe L.(G), g € L,(G), let (f, g) denote the defining bilinear functional of the
pair L.(G) and L,(G). If ge L,(G), s € G, the maps I, ry, I,, r;: Lo(G) — Lo(G)
are defined by [ f(t)=f(st), r.f(t)=f(ts), L,(f)=(1/A)g~ *f and r,(f)=f* g~ for
any fe L.(G), t € G. (I,fis sometimes written as ,f and r,f as f;.) It is clear that the
maps I, r;, I, and r, are (norm) continuous and linear and satisfy ||| =|r|=1,
W%l lrsll <l 2l

Let CB(G) be the Banach space of all real valued bounded continuous functions
on G and let UCB,(G) (UCB(G)) consist of all fe CB(G) such that the map
s—>1I.f (s—rf) from G into CB(G) is continuous when CB(G) has the usual
supremum norm. Functions in UCB,(G) (UCBy(G)) are called right (left) uniformly
continuous. Notice that some authors call functions in UCB,(G) (UCB(G)) left
(right) uniformly continuous and denote them by LUC(G) (RUC(G)), see for
example [9] and [21].

3. Technical lemmas. In this section, we state a number of lemmas which are
needed in proving the main theorems. Most of these are quite well-known. For
completeness we shall bring in the proofs.

LeMMA 3.1. Let G be a locally compact group, then

(a) The mapping g — (1/A)g~ is a linear isometry of L,(G) onto itself. It is also a
homeomorphism when L,(G) has the weak topology.

(b) The mapping f— f~ is a linear isometry of L.(G) onto itself. It is also a
homeomorphism when L (G) has the weak* topology.

(c) For any fe L.(G), g, ¢ € L,(G), we have

(f*eg~9) =(fLo*xg) = ((1/0)p~ * £, 8).

(d) For any g, ¢ € Li(G), (1/A) (@ * g)~ =(1/A)g™ * (1/A)p~.
(e) For any fe Lo(G), pe Ly(G), f~ x @~ =(p *f)"~.

Proof. (a) By [14, Theorem 20.2], we see that g — (1/A)g~ is a linear isometry
of L,(G) onto itself. Since it is self-inversed, the second part of (a) is immediate.

(b) Let T: L,(G) — L,(G) be the map in (a). Consider its adjoint T*: L,(G) —
Lo(G). If feL,(G) and geLy(G), then (T* )g=(f, (1/A)g™)=(f",g) by [14,
Theorem 20.2]. Hence T*f=f"~. Since inversion in G preserves locally null sets,
If~le=|fl~ and the map f—f~ is a linear isometry which is self-inversed.
Hence being the adjoint of 7, it is also a homeomorphism when L,(G) has the
weak* topology.

(c) Let fe L.(G), g, ¢ € L,(G), we have

(2879 = [(F g )wle) dx = [[ 7008~ (r0) dy o)
= [[se w0 axs0) dy = [@200MG) dy = Lrwx ),
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by [14, Corollary 20.14(iii)], Fubini’s Theorem and [14, Theorem 20.10(i)] respec-
tively. On the other hand

)~ +£,8) = [~ )00 dx = [[ Aoy dy £() i
= ([ dy 863y ax = [[ 1001600 dx 903
= [Ueeow0)dy = Ure79)

by [14, Corollary 20.14(i), Theorem 20.2], Fubini’s Theorem and [14, Corollary
20.14(iii)] respectively in the second through fifth equalities.

(d) The map g — (1/A)g~ is an involution of the group algebra L,(G) (with
convolution as multiplication) as is well-known.

(©) LetS € Lu(G), € Ly(G), then
U 990 = [0l dy = [l &y

= (10501 dy = @ (0

LeEMMA 3.2. Let G be a locally compact group, then

(a) For fixed ¢ € Ly(G), the map f — ¢ * f of L(G) into itself is w*-w* continuous.
(b) For fixedf € L(G), the map ¢ — ¢ * f of L;(G) into L (G) is w-w* continuous.
Similar assertions hold for the mappings f— f* @~ and ¢ — f x @™.

Proof. (a) Let o € L,(G) be fixed. Define a map T: L,(G) - L,(G) by Tg=
(1/A)p~ * g, g € L,(G). Clearly T is a bounded linear mapping. Consider its adjoint
T*: Lo(G) — Lo(G). We have (T*f)g=(f,(1/A)¢~ *g)=(p*f,g) by Lemma
3.1(c). Hence T*f=¢ * f. Thus the map f— ¢ * f being the adjoint of T is w*-w*
continuous.

(b) Let X, Y be Banach spaces and 7: X — Y* be bounded linear. Then
T: X — Y* is w-w continuous by [6, Theorem 15, p. 422] and a fortiori w-w*
continuous. Take X=L,(G), Y=L,(G) and Tp=¢ * f; the result follows.

The assertions about the maps f—f* ¢~ and ¢ — f* ¢~ can be proved
similarly.

LemMMA 3.3. Let {p,} be an approximate identity in L,(G) (see [14, Definition
20.26]), then

(@) {(1/A)ps} is also an approximate identity in L,(G).
(b) If fe Lo(G), then w* lim, @, * f=f=w* lim, f* ¢; .

Proof. (a) If ¢ € L,(G), $=(1/A)p~ € L,(G). Hence

(1/D)p; * 9 = (1/D)gz * (1/A)~ = (1/8)¢ * 9a)~ > (1/AW~ = o
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in norm topology of L,(G) by Lemma 3.1(d) and (a). Similarly ¢ * (1/A)pz — ¢
in norm topology of L,(G).

(b) Let {p.} be an approximate identity in L,(G). By (a) so is {(1/A)¢s}. If
f€ L,(G), then for any g € L,(G), (1/A)p; * g — g in norm topology of L,(G). In
particular (1/A)p; * g — g weakly in L;(G). Hence (p. * f, &) =(f, (1/A)pz *g) —
(f, g) by Lemma 3.1(c). Consequently ¢, * f— f in weak* topology of L.(G).
Similarly f* ¢; — f in weak* topology of L(G).

4. Arens product. In [1], R. Arens has shown how to define an associative
multiplication in the second conjugate space B** of a Banach algebra B. This
multiplication renders B** a Banach algebra and extends the multiplication in B.
We shall describe the procedure in the special case when B is the group algebra
L,(G) with convolution as multiplication. This Arens product plays an important
role in subsequent discussions. See also Civin and Yood [25].

For fe L,(G), g€ L,(G) we define f® g€ L,(G) by (f ® gp=(f, g * ¢) for
each ¢ € L,(G).

For v e L,(G)*, f€ L,(G), we define v ® fe L,(G) by (v ® f)g=v(f ® g) for
each g e Li(G).

For p,v e L,(G)*, we define p ® ve L,(G)* by (0 ® v)f=u( ® f) for each
feL.(G).

The following lemma consists of a multitude of results analogous to those in
M. M. Day’s classical paper on amenable semigroups [2, §6]. The proofs are also
“topological variants” of those in the same paper.

LEMMA 4.1. (a) Let v € Lo(G)*, f€ Lo(G), , g € Li(G). Then f ® g=(1/A)g" * f,
PO f=frxp~andp ©® g=p*g.

(b) If p, v are means on L(G), so is p ® v.

©) IfpeLy(G), u,v€Lo(G)*. Then ¢ ® v=Ifv, p ® p=rp.

(d) For fixedp € L,(G), the maps p — p ® ¢ andv — @ ® v are w*-w* continuous.

(e) For fixed v e L (G)*, the map p — p ® v is w*-w* continuous.

(f) p ® v is topological left invariant if p is topological left invariant. It is topo-
logical right invariant if v is topological right invariant.

() If v is topological left invariant and p is a mean on L(G), then p ® v=v.

Proof. (2) For any ¢ € L(G), (f © g)¢=(f, g *$)=((1/A)g" * f, ) by Lemma
3.1(c). Hence f® g=(1/A)g~*f Also (p @ W=9(f© H)=((1/A}" =1, ¢)
=(f*¢~,¢) by Lemma 3.1(c) again. Hence ¢ ® f=f+* ¢~. Finally if fe L,(G),
(e @ )f=p(g @ N)=o(f*xg™)=(f+g~, 9)=(f, p * ©)=(p * g)f. Hence

POg=@*xg.

(b) Let p, v be means on L,(G). Then clearly |p ® »| £ || [v]=1. Now if 1
denotes the constant one function on G, we have 1 ® g=(1/A)g~ *1=|g];-1
and (v © )g=v(1 ® g)=|gl|.=(1,8) for any geL,(G) and g=0. Hence by
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linearity v ® 1=1 and therefore (x ® v)l=p(» ® 1)=p(1)=1. Consequently
# @ vis a mean on L,(G).

(9) We have (p @ v)f=9¢(v @ )= ® Ne=Hf© P)=H(1/A)p~ *f)=vl.f)=
(iZv)f for any fe L,(G). Hence ¢ ® v=1I3v. Also (0 @ ¢)f=p(p @ N)=p(f*¢~)
=p(rof)=(rgp)f for any f€ Lo(G). So p ® p=r3p.

(d) This is immediate from (c).

(¢) Suppose p,— p in weak* topology of L,(G)*. Then for any fe L,(G),
(e @ V)f=pa(v ©® /) > p(v © N)=(r @ v)f.

(f) Let pn be topological left invariant, then for any ¢ € P(G),

Brov)=920@r@ov=@opo0r=EBnHov=pov
by (c) and by topological left invariance of u. If v is topological right invariant,
then for any ¢ € P(G), rf(n @ V)= @) @ p=p O (* ® W)=p © (IFV)=p O v
by similar arguments.

(g) Let n be a mean on L,(G). By weak* density of the set P(G) in the set of all
means on L,(G) (see [15]), there is a net ¢, in P(G) such that ¢, — p in weak*
topology of L,(G)*. Then ¢, ® v — u ® v weak* by (e). Now ¢, ® v=I§ v=v by
(c) and topological left invariance of v. Hence p ® v=v.

REMARK 4.1.1. Lemma 4.1(d) and (e) are due to Arens [1] for the general case.
The assertion that ¢ © g=¢ * g is also proved in Arens [24] in the general case.

DEFINITION 4.2. For each m € L,(G)*, define a mapping m;: L.(G) — L,(G)
by my(f)g=m((1/A)g~ *f) for any f € L,(G), g € L,(G). The operator m, is called
the topological left introversion of m. Similarly the topological right introversion
mg: Lo(G) — L,(G) is defined by my(f)g=m(f * g~) for any fe L,(G), g € L,(G).

LeMMA 4.3. (a) my: Lo(G) — L. (G) is bounded linear, |my(f)| = |m| || f]|» and
my(f)=m @ f for any f€ L.(G).

() Ifve Lo(G)*, f€ Lo(G), ¢, g € Li(G). Then pL=ro, vi(g * f)=g * vi(f).

(c) If my — m in norm topology of L.,(G)* then (m,), — my in uniform operator
topology.

(d) If m, — m in weak* topology of L.(G)*, then for any f€ L.(G), (my).f—
my(f) in weak* topology of L.(G).

Proof. (a) [my(f)g|=|m((1/A)g™~ *f)| < |m]| || g]1|f]| = Hence

lm(NDlw = |m| |f] -
But my(f)g=m((1/A)g~ *f)=m(f ® g)=(m ® f)g by Lemma 4.1(a). Thus
my(f)=m @ f.

(b) If p e Li(G), ¢(f)=9¢ ® f=r,f by (2a) and Lemma 4.1(a). Hence ¢,=r,.

If fe L.(G), g € L,(G) and v € L(G)*, then

w(e o = (3 (587 +9) ) =uin(ge +9) = (. 587 +9)

= (g * VL(.f), 'P)
for any ¢ € L,(G), by Lemma 3.1(a), (c) and (d). Hence v, (g * ) =g * v,(f).
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(c) Assume m, — m in norm topology of L,(G)*. Since (m,),—m,=(m,—m),,
1((me).—my)f || < |me—m| | f]|~ by (2). Hence |[(mg),—my| < ||me—m]| —O.

(d) Let m, — min weak* topology of L,,(G)*. Then for any f € L,(G), g € L,(G),
((mo)f)g—(m.f)g=m,((1/M)g~ * f)—m((1/A)g™ * f) — 0.

REMARK. Lemma 4.3 has an analogue for topological right introversion (with
some modifications). In fact we have pp=1I,, vi(f* g~)=vz(f) * g~ and myf=
m ®p f where ®; is the Arens product arising from the Banach algebra L,(G)
where multiplication is convolution with the order of factors interchanged. The
rest of Lemma 4.3 remains valid if we replace L by R. We shall not need these
results in what follows.

5. Main theorems.

DErFINITION 5.1. A linear subspace X of L,(G) is said to be topological left
introverted if for any mean m on L,(G), my(X)< X. (Thus by definition of m,,
L(G) is always topological left introverted.)

THEOREM 5.2 (LOCALISATION). Let X be a topological left introverted and topo-
logical left invariant linear subspace of L(G) containing the constants. Then X has
a topological left invariant mean iff for any f € X, there is a mean m, on X such that
my(p = )=m/(f) for every ¢ € P(G).

Proof. Necessity is trivial. To prove sufficiency, define for each fe X, K,={m : m
is a mean on L,(G), m(p *f)=m(f) for any ¢ € P(G)}. By assumption K,;# &
(since any mean on X can be extended to a mean on L,(G) by Hahn Banach
Theorem). Clearly K, is a weak* closed subset of the norm closed unit ball in
L.(G)* which is weak* compact. We show that the family {K; : fe X} has the
finite intersection property. Let fi, f, . . ., f, € X. When n=1, this is clear. Assume
Niz1 K;,# @ and let me "=t K;,. Define f=m,(f,) € X since X is topological
left introverted. Let p € K, and consider the mean p ® m (Lemma 4.1(b)). We
claim that p ® me Ni-, K;,.

For 12isn—1, if peP(G), m(flp=m((1/N)e~ *f)=m(f;) since meK,,.
Therefore (my(f), p)=(m(f)-1, ¢) for any ¢ € P(G) which spans L,(G). Hence
my(f)=m(f)-1 and it follows that if ¢ € P(G),

(. © m)p+f) = pm @ (p*f)) = pmue *f)) = wle * m(f))
= e * m(f))-1) = p(m(f)-1) = pm(f)) = (v © m)f,,
where we have made use of Lemma 4.3(a) and (b) respectively in the second and
third equality. On the other hand, if ¢ € P(G),
(r © m)p *f2) = plm(p * £)) = ple *mu(f,)) = p(e * f) = p(f) (since p € Ky)
= wmy(f2) = (r © m)f,.
Consequently p ® m € (-, K;,. By weak* compactness of the norm closed unit

ball in L,(G)*, N{K; : fe X}# @. Any mean in this intersection is necessarily a
topological left invariant mean on X.
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ReMARK. For discrete groups G, this theorem is due to E. Granirer and Anthony
Lau [11] and the above proof follows the idea in [11]. The corresponding theorem
there is true for semigroups. There is also another version of the Localisation
Theorem which is formally stronger. In fact, X has a topological left invariant
mean iff for each fe X and ¢ € P(G), there is a mean (depending on fand ¢) on X
such that m($ * (f—¢ *f))=0 for any ¢ € P(G). The proof is almost the same.
We consider the sets K(f, p)={m : m is a mean on L, (G) and m( * (f—p % f))=0
for any ¢ € P(G)} instead of K, use compactness to find a mean

me N {K(f, ¢) : fe X, pe P(G)}.

Then m satisfies the condition m(p * f)=my(f) for any ¢ € P(G), f€ X, and
w=m ® m is a topological left invariant mean on X. For discrete groups, this
stronger version can also be found in [11].

DEFINITION 5.3. Let X be a linear subspace of L.(G), we say that X is topo-
logically right stationary iff for each fe X, there is a net ¢, € P(G) such that
f* @ converges weak* to a constant function in L,(G). G is called topologically
right stationary iff L,(G) is topologically right stationary in analogy to the
definitions in Mitchell [18, §3].

For any f € L,(G), define in analogy to Mitchell [18], Z(f) as the weak* closure
of {rof: € P(G)} (or w*CL (f* P(G)~)) and Ki(f)={c : « real, «-1€Zy(f)}.
The set Kz(f) may be empty. In these notations, X is topologically right stationary
iff Kp(f)# @ for any fe X.

THEOREM 5.4. Let X be a topological left introverted and topological left invariant
linear subspace of L(G) containing the constants. Then X has a topological left
invariant mean iff X is topologically right stationary. In this case, for any fe X,
B € Ki(f) iff there is a topological left invariant mean u on X such that u(f)=85.

Proof. Assume that X is topological right stationary, f€ X. Then there is a net
. in P(G) such that f* ¢; converges weak* to a constant function 81 in L (G).
Passing to a subnet if necessary, we can assume that ¢, converges weak* to some
mean m in L. (G)* by weak* compactness of the set of means in L,(G)*. Consider
the mean m ® m on L,(G). We show that m ® m € K, (defined as in the proof of
Theorem 5.2). Observe that for any g € L,(G),

miy(flg = m((1/8)g~ +f) = lim ¢((1/A)g~ *f) = lim ((1/A)g™ * £, 9)
= lim (f+ 95, 8) = (61, 9)
by Lemma 3.1(c). Hence m,(f)=p-1. Now
(m ® m)(p *f) = m(my(p *f)) = m(p *x m(f)) = m(p*B-1) = m(B-1)
= m(my(f)) = (m @ m)f
for any ¢ € P(G). Consequently m ® m € K,. By Theorem 5.2, X has a topological
left invariant mean ve (N {K; : fe X}. Let p=v ® m, then u(f)=F ©®@ m)f =
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w(my(f))=v(B-1)=B. Since » is a topological left invariant mean, so is . For if
fe X, pePG),
we*f) = v © m)(p xf) = v(my(p *f)) = v(p * m(f)) = v(m(f))
= (v @ mf = u(f),
since m;(f) € X. (Note that we cannot invoke Lemma 4.1(f) directly because the
mean v is topological left invariant on X only, but not necessarily on L,(G).)

Conversely, assume that X has a topological left invariant mean g. Then there
is a net ¢, in P(G) such that ¢, — p in weak* topology of X*. Let f€ X, then

Froa, ) = ((1/D)e” *f, 9o) = @((1/D)p~ * f) = p(1/B)p~ * f) = p(f)
= @) L9

for any ¢ € P(G) which spans L,(G). Here we have made use of Lemma 3.1(c)
and topological left invariance of . Hence f * p; converges weak* to the constant

function p(f)-1 in L,(G). In fact u(f) € Kx(f).
REMARKS. (a) If X is a linear subspace of L,(G), then X is topologically left
introverted implies that X is topologically right invariant. This is clear since

[~ =ro f = o)

(b) It is possible to prove Theorem 5.4 (at least for the case X=L.(G)) by a
method similar to that employed in [9] or in [18].

(c) For discrete groups G, it is readily seen that

w*CL{f* ¢~ : o€ P(G)} = W*CLCO{r,f: acG}
= pointwise CL CO {r,f : a € G}

(see [18, Lemma 3]). Thus Theorem 5.4 reduces to a result of Mitchell’s [18,
Theorem 3] for groups.

6. An application. We now indicate how we can obtain a result in [11] from
Theorem 5.4 by specialising X=UCB,(G) (or LUC(G) in the notation of [11]).
We shall need the following lemmas which are of independent interest.

LEMMA 6.1. Let i1 € Lo(G)*, f€ L(G) and s € G. Then I(my(f))=my(Lf).

Proof. If geL,(G), we have (l(m.(f)),8)=(mi(f),s-18)=m((1/A)(s-18)~ *f)
=m(A(s)((1/A)g~), * ) =m((1/A)g~ * .f)=(my(l.f),g) by [14, Remark 20.11].
Hence I(m. () =m.(l.f).

LeMMA 6.2. UCB,(G) is topological left introverted.

Proof. Let s, — s in G, f€ UCB,(G). Then |/, f—If] -~ — 0. Hence if m is any

mean on Lo(G), |l (mu(f)) = I(mu(f )] o = Imulls. ) —m(lf)| w £ |mullief= 1)
2|4 f—Lf]|- — 0 by Lemma 6.1 and Lemma 4.3(a). Hence m,(f) € UCB/(G).

LEMMA 6.3. For any f€ L.(G), w*CL (f * P(G)~)=w*CL CO{r.f : ae G}.



1969] TOPOLOGICALLY STATIONARY LOCALLY COMPACT GROUPS 359

Proof. Let a€ G and let ¢, be an approximate identity in L,(G). If fe L. (G),
then f* ¢ — f weak* in L,(G). By w*-w* continuity of r,, we have (f * ¢3), —
Ja=rof weak* in Lo(G). But (f* 97 )=/ * (95 )a=f* (a-19s)~ €f* P(G)~. Hence
r.f € w*CL (f * P(G)~) which is weak* closed and convex. Therefore

w*CL CO {r.f : a€ G} = w*CL (f + P(G)~).

Conversely, let ¢ € P(G). Then there is a net of finite means ¢, =37, B dae(®
such that ¢, — @ in weak* topology of CB(G)*. If g € L,(G), then
(fro=8) = (S g~ xf, )—lim (l ~*f) —lim3 p«(l ”*f)(a:‘)
q”g_Ag "P"“‘PaAg —a ‘Ag

n i=1 n
= tim > 47 [ae) dy = tim (3, vt )

(Here we have made use of Lemma 3.1(c), [14, Corollary 20.14 and Theorem 20.2].)
Hence f* ¢~ € w*CL CO {r,f : a € G} which is weak* closed and convex. Hence
w*CL (f* P(G)~")<w*CL CO{r.f: ae G}.

ReMARK. The inclusion w*CL (f* P(G)~)=w*CL CO{r.f: ae G} was sug-
gested by Professor M. M. Day (written communication). The above proof is
different from his. The author wishes to thank Professor Day for this important
suggestion.

LEMMA 6.4. Let 7, be the topology of uniform convergence on compacta. For each
f€ UCBL(G), w*CL (f* P(G)~)=7, CLCO{r.f: ae G}.

Proof. We first observe that if fe UCB/(G), then CO {r,f : a € G} is a bounded
equicontinuous family of functions by a straightforward argument. The same is
true for the family F=+, CL CO {r,f : a € G} by [16, Theorem 7.14). Let ¢ € P(G).
Then there is a net g, =22, B8, of finite means such that ¢, — ¢ in weak*
topology of CB(G)*. Now

Ng
S+ = [ 6o dy = (fi) = lim gulef) = lim 3, Birg )

Hence there is a net f,= 2=, Bfrozf € CO {r.f; a € G} such that f, — f * ¢~ point-
wise and hence in the 7, topology by [16, Theorem 7.15]. Hence f* P(G)~<F
which is 7, compact by Ascoli’s Theorem [16, Theorem 7.17]. Since the family F
is bounded in norm, the =, topology is finer than the weak* topology of L. (G)
restricted to F. Since they are both Hausdorff, they must coincide on F. In particular
F is weak* closed in L(G). Therefore w*CL (f* P(G)~)<7, CLCO{r.f: a€G}.

On the other hand by Lemma 6.3 w*CL CO {r,f : a € G}=w*CL (f * P(G)~).
But the family CO {r.f : a € G} is bounded. Hence

7. CLCO{r,f: ae G} =« w*CL CO{r,f: ae G} = w*CL (f* P(G)~).

() If a € G, 3, is defined by 8,f=/(a) for any fe CB(G).
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Consequently 7. CL CO {r,f: ae G}=w*CL (f * P(G)™).

THEOREM 6.5 (E. GRANIRER AND ANTHONY LAU [11]). UCB,(G) has a left invariant
mean iff for each f € UCB(G), r. CL CO {r,f : a € G} contains a constant function.
In this case B-1€ 7, CLCO {r,f: ae G} iff there is a left invariant mean p on
UCB/(G) such that u(f)=8.

Proof. It was proved in [12] that TLIM and LIM on UCB,(G) are the same.
By Lemma 6.4 7,CL CO{r.f: ae G}=w*CL (f* P(G)~). Theorem 6.5 is just
Theorem 5.4 with X'=UCB/(G).

7. Topological left almost convergence. In this section, we shall prove a theorem
on topological left almost convergence. It is an analogue of a result in [10] on left
almost convergence of bounded functions on semigroups. Let G be a locally compact
group, let K denote the linear subspace of all functions in L.(G) which can be
represented as D7, (fi— g * f;) where f; € Lo(G), ¢, € P(G), 1 Zisn.

LEMMA 7.1. Let G be a locally compact group, m, a net of means on L(G) such
that lim, |[¥m,—m,| =0 for any ¢ € P(G). Then for any fe K~ (closure taken in
norm topology of L.(G)), lim, ||(my)rf| =0 where (my)z is the topological right
introversion of m,.

Proof. Consider first functions in K of the form f—¢ * f, f€ L,(G), ¢ € P(G).
We have, if g € L,(G),

[((m)e(f—p *f)g| = [m(f—p*f) xg™)| = |mao(fx g~ —@ *(f*g™))
= |ma(f* g~)_ma(lw(f* g~))|

(where ¢ =(1/A)p~ € P(G)) = |(m,—IFm)(f* g7)| = |me—Ifm,] - | fll | g]l.- Hence
[m)e(f—@ * )l w S |me—IEmg|| | £l — 0. It follows that lim, ||(m,)zf]~ =0 for
any fe K. If fe K~ let £>0, there is some f, € K such that | f—f;| ~ <e. Then

[mef e S [ ~f)l o+ mafolo S 1f~Follo+ [0nafol
< e+ [(mafoll -

Consequently lim, ||(my)zf |~ =0 for every fe K~.

DEFRNITION 7.2. Let G be a locally compact group such that L,(G) has a topo-
logical left invariant mean. f€ L,(G) is said to be topological left almost conver-
gent (t.l.a.c.) to B iff u(f)=p for every topological left invariant mean u on L(G).

In analogy to Granirer [10, Theorem III, 7] and following the idea there, one
has

THEOREM 7.3. Let G be a locally compact group for which L.(G) has a topological
left invariant mean and C the constants in L.(G). Then (a) C @ K~ is the space of
all topological left almost convergent functions in L.(G). f being topological left
almost convergent to B iff feB-1+K ™.
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(b) If f is topological left almost convergent to B and m, is any net of means on
L (G) such that lim, ||I¥m,—m,| =0 for any ¢ € P(G), thenlim, ||(m,)zf—B- 1| »=0.
(c) fis topological left almost convergent to B iff B-1 belongs to the norm closure

of P(G) * f in L(G).

Proof. (a) Suppose f is t.l.a.c. to zero, we claim that fe K~. Otherwise there
would exist some m € L,(G)* such that m(K ~)=0 and m(f)#0 by Hahn Banach
Theorem. Hence m is topological left invariant. Write m=c,m, — c;m, where m;,
m, are means on L (G) and let 6 be any TLIM on L (G) (which exists by assump-
tion), we have m=0 ® m=c,(0 ® m,)—co(0 ® m,) by Lemma 4.1(g) where both
60 ® m; and 6 ® m, are TLIM on L,(G) by Lemma 4.1(f). Hence m(f)=0 which
is a contradiction. Therefore fe K ~.

On the other hand, if m is any TLIM on L,(G), clearly m annihilates K.
Thus K~ ={feL.(G) : f is tla.c. to zero}. Now f is tla.c. to B iff f—B-1 is
t.la.c. to zero, iff fe B-1+ K ~. To show that the sum C+ K ~ is direct, let -1 € K~
and choose any TLIM m on L,(G). Then B=m(B-1)=0. This proves (a).

(b) Let f be t.lLa.c. to B and m, a net of means on L.(G) such that

lim |[Fm,—m,| =0
a

for any @ € P(G). Then f—B-1€ K~. By Lemma 7.1 lim, ||(my)z(f—B-1)|»=0.
But (m,)x(B-1)=p-1. Hence lim, |(mo)pf—B-1]»=0.

(c) First we observe that if f, g € L,(G) and g € P(G) * f, then m(f)=m(g) for
any TLIM on L.(G). Therefore if 8-1 belongs to the norm closure of P(G) * f,
then B=m(B-1)=m(f) for any TLIM m on L.(G) or fis tla.c. to B. Conversely,
if this is the case, let ¢, be a net in P(G) such that lim, |¢ * ,— .| =0 for any
¢ € P(G) [12, Theorems 2.4.2 and 2.4.3]. Since ¢ * p,=I/*(p,) by Lemma 3.1(c),
we have lim, |/¥(¢,)— ¢.|| =0 for any ¢ € P(G). But fis t.La.c. to 8, hence

lim [(po)as—f+ 1. = 0

by (b). Now (p.)uf=lo,f. For if geLi(G), (®)rfIg=9f*8™)=(f*8", P
=((1/8)pz * f, g) or (po)rf=1s f € P(G) * f. Consequently B-1 belongs to the norm
closure of P(G) * f. This completes the proof of the theorem.

REMARKS. (a) When G is discrete, this is precisely Theorem III.7 of Granirer
[10] restricted to groups.

(b) Let W(G) be the space of all weakly almost periodic functions on G (see
[12, §3.1] for definition). It is well known that W(G) has a unique invariant mean
which is also topological invariant, whether L,(G) has a TLIM or not. (For
existence and uniqueness, consult Ryll-Nardzewski [22] and Deleeuw and Glicks-
berg [5].) Hence if L.(G) has a TLIM, W(G)< C @ K - because every function in
W(G) is tla.c. If L,(G) does not have a TLIM, then K~ =L,(G) and trivially
W(G)< C+ K~ =L.(G) although the sum is not direct.
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THEOREM 7.4. Let G be any locally compact group such that L.(G) has a topo-
logical left invariant mean. Then C@® K~ is a topological left introverted and
topological left invariant linear subspace of L.(G) containing the constants.

Proof. By definition C @ K~ contains the constants. It is topological left
invariant because C@ K~ is precisely the topological left almost convergent
functions in L (G). To show that C @ K ~ is topological left introverted, consider
first functions of the form f— ¢ * f with f € L(G), ¢ € P(G). We have if m € L,(G)*,
m(f—@ *f)=my(f)—p * m(f)=fi—¢ +f, where fy=m(f) € L(G) byLemma
4.3(b). It follows that m (K)<K and hence m (K ~)< K~ by continuity. Conse-
quently m(CA K )cCHK".

REMARKS. (a) The space C @ K~ contains functions which are not continuous.
In fact the set {f—¢ * f : f€ L,(G)} is not included in CB(G) for any ¢ provided
that L,(G)# CB(G) (since ¢ * f € CB(G)).

(b) If L,(G) has more than one topological left invariant mean. (This is true
when G is separable, noncompact and amenable as a discrete group. See [23,
Theorem 1, p. 124 and Remark 1(a), p. 118]).) Then not every function in L, (G)
can be topological left almost convergent. Hence C@® K~ is a proper linear
subspace of L,(G).

(c) Consider G=R the additive reals with usual topology. Let

E= U [2n2n+1) and F= U [2n—1,2n).

n= - n=— o
Then yg, xr € Lo(G), xz+xr=1 while /;(xg)=xr (i.e. xr is the left translate of xg
by one). Hence both xz and x; are topological left almost convergent to 1/2. In
this case C @ K~ even contains a characteristic function.
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